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NOTATION .

L* Symbol Definition Units

Aspect ratio

CL Lift coefficient

CL Lift curve slope
L

CD Drag coefficient

CD Zero lift drag coefficient
D
0

g Gravity ft/sec2

K Induced drag factor

' CL 2 ire

L L Lift lb

SRamp length ft

q Dynamic pressure lb/ft2

R/C Rate of climb ft/min

S Wing reference area ft 2

AArc langth Of ft

s f Length at end of ramp ft

t Time sec

T Thrust lb

TOGW Takeoff gross weight lb

V Velocity ft/sec

Vf Velocity at ramp exit ft/sec

W Weight lb

Wst° Weight for short takeoff lb

V
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Symbol Definition Vnits

WH Hover weight

x Horizontal coordinate ft

y Vertical coordinate ft
Z Local slope (dy/ds) 2-

L Angle of attack

Y Angle o• pitch .

6 Angle of thrust deflection

Square of velocity ratio

A Lagrange multiplier

P Friction coefficient

v Constant multiplier

P Atmospheric density

d

() ds through Equation (24)

d

d- Equations (25)-(28)

vi



ABSTRACT

A modified or gravity assist ski jump is developed,
through an application of the calculus of variations, to
provide for the shortest takeoff roll for a thrust vector
control type vertical or short takeoff and landing (V/STOL)
aircraft that will maintain a better than minimum required
rate of climb. As a means of comparison between the
resulting modified and a conventional ski jump, the
equations of motion are programed to mode]. the takeoff
performance using a ski jump. The results of this model
are found to compare well with Naval Air Test Center
ski jump test results of the AV--8A aircraft. A comparison,
of the standard and gravity assist ski jump shows a reduc-
tion of 30 percent in required ground roll and 20 percent
in distance to a 50-ft altitude, while maintaining a better-*
than-minimum required rate of climb, with the modified ramp.
A simple modified ramp, using a pair of standard multiple
girder bridging (MOB) ramps, is shown to provide similar
improvements in takeoff performance.

ADMINISTRATIVE INFORMATION

The work reported was authorized by the Naval Air Systems Command (AIR 311) and

,as tunded under Program Eiement 622411, Task Area WF4l 421000, Work Unit 1660-821,

STOL Aerodynamics.

INTRODUCTION

The ski jump concept was first proposed as a launching technique for thrust

vectoring vertical or short takeoff and landing (V/STOL) type aircraft by Taylor

in 1973. The history of the development of this idea, as outlined by Fozaid,2 shows

the first flights to have occurred in July J.977 at the Royal Aircraft Establishnent

In Bedford, England. The initial te,.t flights were flown, with an AV-8A, off a ramp

with a 6 deg exit angle and progressed to a maximum ramp angle of 20 deg in early

1979. The takeoff technique showed great promise for shipboard applicati. There it

was demonstrated that liftoff velocities were as much as 30 kn-ots lower than were

feasible with a flat deck takeoff for aircraft with the same takeoff gross weight

(TOGW). With the introduction of the AV-8A into the United States Marine Corps

(USMC), interest in the ski jump launch technique resulted in flight tests being

*A complete listing of references is given on page 25.
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cunducted at the Naval Air Test Center (NATC) at Patuxent River, Maryland. These

flight tests further demonstrated the performance and/or payload benefits that could

"be obtained. 3

While the performance benefits to be gained through the use of the ski jump

have been demonstrated, it seems reasonable that, as in the case of an actual skier,

as assist from gravity in the initial downhill run prior to the ramp entry would

<2-< provide for greater initial acceleration and thereby further performance gains. The

r•h current report is an effort to determine what the ski jump shape should be in order

to provide for a maximum payload wich the shortest takeoff roll. The payoff would

include smaller ships platforms from which such aircraft could operate.

The approach will be to apply the calculus of variations to the equations of

motion defining the takeoff maneuver, in order to determine what this optimum ski

jump shape should be. An additional takeoff routine will be developed and evaluated

by simulating the ski jump takeoffs carried out at NATC and presented in Reference 3.

The same takeoff conditions will then be applied using the mathematically determined

optimum ski jump shape in order to determine any advautages made possible through its

Ilse.

MATHEMATICAL FORMULATION

The derivation of the optimum ski jump will be set up and obtained as a Mayer's

problem in the calculus of variations. The coo dinate system is the usual x and y

system of Figure 1 with, for convenience of formulation, the arc length, s, taken

as the independent variable. The state equations defining the takeoff roll and the

geometry of the ski jump are as follows:

V

Figure 1 - Coordinate System

2



2g Cos (ci+S)-Z-K C+KCr 2 ] a~

1(1)-•_K -K C 04- sin(ot+6 (i)

=(,_Z2 )1/2  (2)

y= Z (3)

where

='2 K = 2 (WPs) and Z = dy

In this form the equations have the state variables C, x, y and the control variables

Z, a, 6. In order to apply the calculus of variations, this system will be simpli-

fied by first assuming the angle of attack range to be small and to be described by

a step function, i.e., a = aR6 (C-0.5). The angle of attack will then go from zero

to some small predetermined angle at rotation:

: = 0 at < 0.5

O = a R (ý-0.5)
c(= aR at > > 0.5

2
The small angle assumption also provides for cos a= 1, sin a = a and 2t = 0. Ex-

perience with the ski jump has shown that the most beneficial way of using thrust

vector control (TVC) is to deflect the thrust vectoring nozzles from the horizontal

to some predetermined setting as the aircraft exits the ramp. This procedure will

be assumed here, and thrust deflection will not be a parameter in developing the

ramp shape (i.e., 6=0). The ramp enables the aircraft to accelerate.to a

3
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controllable flying speed and orients it at a favorable climbing attitude in the

shortest distance. Equations (l)-(3) then reduce to

i_2•_\i(• • I 1•/2 )
a- I 2 -K Cw (4)

x- (1-Z2) (5)

y-Z (6)

In the calculus of variations formulation we have, then, the variables 1, x, y, Z

and the independent vatiable s. The initial and flnai conditions are stated as

4(o) = x(O) = y(O) = a(O) - oand .(O) = Z (7)

g yv(s.) - 0, a(sf) - 1, a(%) o (8)

The quantity to be minimized is x(sf), the horizontal distance foi the takeoff roll.
4Setting up as a Mayer problem in the calculus oi variations, the governing equations,

Equations (4)-(6), and the initial and final conditions, Equations (78 and (8),

provide

x,('- Iz-*\t(f -1Z-KC [ ZC Dl

j ;-Z) + x R 6( 5) (9)

j x f (10)

4



H x f + o 2 o 1 3o 4 +4 o + V5yf + V6 (f-l) + V7( f-fR) (ia)

where X, x x are Lagrange multipliers and VI, V2 "." V7 are constant multipliers.
Applying Euler's equation

d /aF 3F_

to Equation (9) provides

= -&~)(KCD)-viKlCL) (12)

x C (13)x

y =0 (14)

02 I ()~ ]z)iZ ] Zx (15)
V x 1/2 y0(

f

Equation (11) and the transversality conditions provide

X = -1 (17)

Xo + Xy 0 x C o = 0 (18)

tyx; fý f 0 (19)



Ii

Equation (12) can be written as.

-•c~x - o :.+

22C

C 2 K.C VIJC a)*

with the solution

C2 s

x e (20)

Substituting Equation (20) into Equation (15)

en r -i 7_S e 2-Xy 0
0o iVf(- 2 2] (_Z2)I2 y

which reduces to

-X + x j-•)e 1

/ _Z " x1 + Xofe2

Assuming the initial slope of the ramp to be negative and requiring y(stl)

* y(O), then at some point Sm between s = 0 and s•, (dy/dx)s~ = 0 and the constants

A• and Ay can he determined as

y

(V)C2sm(22

6



an'i

Ar2 e

I m(24)
dx 1 l+ ex• (g

S~The shape of the ramp can be determined through Equations (23) and (24) and by

assuming both an initial slope and the low point of the ramp.
Figure 2 is indicative of this ski jump ramp. The figure shows the ramp shape

i for a xulubeL of initial slopes and lengths and includes the trajectory of the AV-SA

I on leaving the ramp. It remains to establish a takeoff routine for the conventional

ski jump and to establish its validity through comparison with flight test data.

SKI JUMP MODEL

The equations of motion governing the takeoff roll and climb out are, from

Reference 6,

xL= V cos y (25)

y = V sin y (26)

V = s + - cos (28)

CI ( 
-

The 7hp fterm a edtrie hruhEutos(3 n 2)adb

asumn boha nta-lp n telwpito h ap

Fiue2i iniaieo thssijm rap Th fiuesosterm shp



Figure 2 -Optimum ramp Shape for Given initial
Slope and Ramp Length, Y,



The ski jump used in the NATC test series has the shape of a fourth order power law,

2 3 4
Y =A + Bx + 4Dx +Ex (29)

The ramp is 135-ft long with an exit angle of 12 deg at 14.8 ft above the starting

point. Equations (25)-(28) together with Equation (29) were programed on the Apple
II computer. This ski jump math model was then used to simulate the test data of

Reference 3. The test methods used during the NATC evaluations included precomputing

the ground roll distance as a function of groos weight, hover weight ratio, and

* desired end speed. The method for doing this is outlined in Reference 3. The air-

craft used was the two seat T/AV-8 which is identical with the AV-8A in aerodynamic

characteristics. Over 60 takeoffs were conducted in this series with the takeoff

gross weight (TOGW) ianging from 17,176 lb to 21,491 lb. The 12-deg ski jump ramp

was found to decrease the distance to 50 ft above ground level (AGL) by approximately

70 percent with respect to NATOP's predictions for a 21,500 lb aircraft and a con-

ventional short takeoff (STO).

A comparison of some of the NATC test results and the computer results are

shown in Table 1. The ramp exit velocity is seen to be consistently higher, by a

few knots in the computer predictions, than the test results. The exit velocity in

the NATC data is ground speed and, therefore, neglects the headwind component which

is accounted for in the computer results. With this taken into account, the corre-

lation is good. The comparison between minimum rate of climb and distance to 50-ft

AGL is alsu quiLt good uxcepL In Lhe case 0t tue 18,374 lb TOGW. in this case, the

NATC data were obtained with a 5-knot tail wind which may account for the difference

in minimum rate of climb.

Having established a reasonable validity in the computer model of the ski jump,

the model will now be used to compare the performance of the standard and modified

ski jumps. The path for the takeoff roll is, in the case of the modified ski jump,

described by Equation (24).

RESULTS

Figures 3 through 6 show the profile of the takeoff roll and early airborne

trajectory for the standard anid rdodiiied ski jump samples. Figure 3 shows the

9
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Figure 3 - Ski Jump Takeoff Profiles

,----' ý ý~AVý-8ASIKI ýJUMP TAKEOFF PERF. STD DAYY SSEA LEVELL COND.
TOGW=1 7776 LB

TAKEOFF ROLL PRIOR TO RAMP ROT DIST=130 FT
ENTRY 102 FT LIFTOFF DIST-232 FT

VEL AT LIFTOFF=111.49 FPS
66.01 KNOTS
DIST TO 50 FT ALT.=455 FT
VEL AT 50 FT ALT.=165.45 FPS
82.03 KNOTS
MIN R/C=1011 FPM AT DIST OF 657 FT

Figure 3a - 1GW =17,776 Pounds

TAKEOFF ROLL PRIOR TO RAMP AV-8A SKI JUMP TAKEOFF PER F. STD DAY SEA LEVEL COND.
ENTRY 152 FT TOGW=18374 LB

ROT DIST=130 FT
LIFTOFF DIST=282 FT
VEL AT LIFTOFF=119.82 FPS
70.95 KNOTS
DIST TO 50 FT ALT.=516 FT
VEL AT 50 FT ALT.=225.63 FPS
85.97 KNOTS
MIN RIC=532 FPM AT DIST OF 1076 FT

Figure 3b -TOGW 18,374 Pounds



Figure 3 (Continuied)

TAKEOFF ROLL PRIOR TO RAMP AV-BA SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL CONO.
ENTRY 149 FT TOGW-18604 LB

ROT DIST-1 30 FT
LIFTOFF DIST-279 FT
VEL AT LIFTOFF=119.46 FPS
70.73 KNOTS
DIST TO 50 FT ALT--523 FT
VEL AT 50 FT ALT.-212.72 FPS
86.91 KNOTS
MIN RIC=340 FPM AT DIST OF 1179 FT

Figure 3c -TOGW 18,604 Pounds

I. ~TAKEOFF ROLL PROR TO RAMW
ENT~Y 16 FTAV-8A SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
ENTRY 62 FTTOGW=i9304 LB

ROT DIST=130 F7
LIFTOFF DIST=292 FT
VEL AT LIFTOFF=120.59 FPS

4 71.40 KNOTS
DIST TO 50 FT ALT.-521 FT
VEI- AT 50 FT ALT.=21 9.09 FPS
85.26 KNOTS
MIN RIC=718 FPM AT DIST OF 960 FT

1Figure 3d -TOGW =19,304 Pounds

12



Figure 4 - Modified Ski Jump Takeoff Profiles for Ramp Length 200 Feet

AV-8A MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW= 17776 LB
GROUND ROLL=201 FT
VEL AT LIFTOFF=111.39 FPS 65.95 KNOTS
RAMP ANGLE=15 DEG
DIST TO 50 FT ALT.-482 FT
VEL AT 50 FT ALT.=141.69 FPS
83.89 KNOTS
MIN R/C=1477 FPM AT 655 FT

Figure 4a - TOGW = 17,776 Pou;ids

AV-8A MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW=18604 LB
GROUND ROLL-20i FT
VEL AT LIrTOFF=108.87 FPS 64.46 KNOTS
RAMP ANGLE=15 DEG
DIST TO 50 FT ALT.=540 FT
VEL AT 50 FT ALT.=146.10 FPS
86.51 KNOTS
MiN R/C=430 FPM AT 1194 FT

Figure 4b -- TOGW = 18,604 Pounds

13



Figure 4 (Continued)

AV48A MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOWW-19DO4 LB
GROUND ROLL-200 FT
VEL AT LIFTOFF-107.35 FPS 63.56 KNOTS
RAMP ANGLEIS5 DEG
DIST TO 50 FT ALT.-528 FT
VEL AT 60 FT ALT.-141.45 FPS
03.75 KNOTS
MIN RIC-907 FPM AT 861 F7

Figure 4c - TOGW -19,004 Pounds

AVBAMODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW=19304 LB
GROUND ROLL-202 FT
VEL AT LIFTOFF-107.21 FPS 63.47 KNOTS
RAMP ANGLF=15 DEG
DIST TO 50 FT ALT.=629 FT
VEL AT 50 FT ALT.-141.21 FPS
83.61 KNOTS
MIN RIC=654 FPM AT 999 FT

Figure 4d - T0GW -19,304 Pounds

14



Figure 5 -Modified Ski Jum~p Takeoff Profiles for Ramp Length 190 Feet

AV-8A MODIFIED SKI JUMP TAKEOFF PERF. STO DAY SEA LCEVEL COND.
TOGW=1 7776 LB
GFI0UND ROLL-192 FT
VEL AT LIFTOFF=109.60 FPS 64.89 KNOTS
RAMP ANGLE=13 DEG
DIST TO 50 FT ALT.-556 FT
VEL AT 50 FT ALI.=151.20 FPS
89.52 KNOTS
MIN R/C=1151 FPM AT 693 FT

Figure 5a - TOGW =17,776 Pounds

AV-BA MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW=18604 LB
GROUND ROLL=192 FT
VEL Al LIFTOFFý107.20 F-PS 63.47 KNOTS
RAMP ANGLE=13 DEG
DIST TO 50 FT ALT.-864 FT
VEL AT 50 FT ALT.-177.03 FPS
104.82 KNOTS
MIN R/C=75 F-PM AT 1198 FT

Figure 5b - 1GW = 18,604 Pounds



Figure 5 (Continued)

AV-SA MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW-18604 LB
GROUND ROLL-201 FT
VEL AT LIFTOFFm1OS.87 FPS 64.43 KNOTS
RAMP ANGLE-I5 DEG
DIST TO 50 FT ALT.-513 FT
VEL AT 50 FT ALT.-142.08 FPS
84.12 KNOTS
MIN RIC-977 FPM AT 894 FT

Figure 5c - TOGW - 18,664 Pounds

AV-8A MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW=19004 LB
GROUND ROLL-191 Fr
VEL AT LIFTOFF-105.75 FPS 62.61 KNOTS
RAMP ANGLE-13 DEG
DIST TO 50 FT ALT.-678 FT
VEL AT 50 FT ALT.=159.25 FPS
94.29 KNOTS
MIN R/C-594 FPM AT 865 FT

Figure 5d - TOGW -19,004 Pounds

16
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conventinnal ski jump and indicates the takeoff roll prior to ramp entry that is

requiretd for the various takeoff weights. The liftoff velocity at the end of the
ramp, the distance from start of roll to a 50-ft altitude, and the minimum rate of

climb (out to a distance of 1200 ft from start of roll) are also shown Lor each

case. The takeoff procedure for both the standard and modified ski jumps pxovides

for rotating the nozzles to 40 deg and flyitg at a predetermined angle of attack on

exiting the ramp. The conventional ski jump shows that the Cistancc-to-raap exit

varies from 232 ft at a TOGW cf 17,776 lb to 292 ft at 19,304 lb. All cases maintain
3better than the recommended minimum rate of climb of 400 ft/min. Figure 4 shows

the same range of TOGW while operating from a modified ski jump 200 ft ini length.

All cases show the aircraft to reach the 50-ft altitude level at approximately tha

same distance from brake release as their standard ski jump counterparts, while

maintaining considerably more than the recommended minimum rate of climb. It should

be noted that the 50-ft altitude is being measured from the start of the ramp which

is some 20 ft above the ramp's low point. The aircraft is, in fact, some 70 ft

above the low point of its takeoff roll at the indicated 50-ft altitude.

The modified ramp has provided the means to achieve similar or b-tter takeoff

performance with 30 to 90 ft less takeoff roll. Figure 5 illustrates the results of

the same TOGW range while operating from a 190 ft modified ramp. While the distance

to a 50-ft altitude is increased, the aircraft maintains better than the recommended

minimum rate of climb except for the case of the 18,604 lb example of Figure 5b. In

this cage, the average angle of attack the aircraft maintained on leaving the ramp

was 11 deg. The case was repeated while maintaining 14 deg on leaving the ramp.

The results, shown in Figure 5c, indicate a minimum rate of climb well above the

required minimum and a decrease of 300 ft in the distance to a 50--ft altitude.

As a point of comparison, the 19,304 lb TOGW case was repeated using the

standard ski jump with a takeoff roll of 200 ft, i.e., equivalent to the ground roll

of the modified ramp. The results are given in Figure 6 and show that the aircraft

reaches a negative rate of climb. Furthermore, the aircraft had not reached the 50-

ft altitude during the calculated trajectory and was, in fact, losing altitude. The

comparison is quite clear that a satisfactory takeoff is simply not achievable with

the standard ski jump and a 200-ft ground roll, while takeoff is easily attained

with the modified ski jump of 200-ft length.

18



The ramp geometry, as defined by Equation (24), requires that both the initial

ramp slope and the low point of the ramp be specified. The initial slope in the

examples of Figures 4 and 5 was taken to be 24 deg and provided for an increase in

the initial acceleration of about 40 percent (-sin y=0.4 in Equation (27)). The low

point of the ramp was taken at 60 percent of the total ramp length. The results

in Figure 7 are obtained by maintaining the initial slope and reducing the distance

to the ramp low point to 55 percent of the total ramp length. This action maintains

the steepness of the original slope for a slightly longer st-retch. The liftoff

velocity is maintained, but the ramp exit angle and, th-reby, the initial climb

angle are steeper than shown in the example of Figure 4a. The rate of climb is in-

creased by nearly 600 ft/min and the distance to a 50-ft altitude was reduced by

100 ft. As the problem now stands, the ramp shape is dependent upon the minimum

controllable flight speed. For a TVC type aircraft (such as the AV-8A with a

reaction control system (RCS) for longitudinal and lateral control), the minimum

controllable flying speed only depends upon the thrust-to-weight ratio. On meeting

only the minimum rate of climb requirements, the ramp length and distance to a 50-ft

altitude are much reduced from that of the standard ski jump, as shown in Figure

8. A summary of ground roll distances and the distance to a 50-ft altitude for the

AV-8A MODIFIED SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
TOGW=17776 LB
GROUND ROLL=202 FT
VEL AT LIFTOFF=109.85 FPS 65.04 KNOTS
RAMP ANGLE=19 DEG
DIST TO 50 FT ALT.=386 FT
VEL AT 50 FT ALT.=127.63 FPS
75.57 KNOTS
MIN R/C=2008 FPM

Figure 7 - Modified Ski Jump with Initial Downhill Slope Extended
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various AV-SA takeoff weights, using the ramp of Figure 7, (which provides for a

liftoff velocity of approximately 70 knots, equivalent to what is being achieved

with the standard ski jump), is also shown in Figure S. The significance of the

modified ramp is clearly shown in the reduction of the takeoff roll and distance to

a 50-ft altitude. In all cases, considerably more than the required minimum rate of

climb has been maintained.

The benefit of the modified ramp is in the increased acceleration that can be

achieved in the early part of the takeoff roll as a result of the initial downhill

run.

A near--term validation of this notion could be carried out by using two MGB

ramps of the type used in the NATC ski jump tests. By arranging the ground level

cections end-to-end, a form of the modified ramp can be obtained. The resulting

end-to-end 260-ft ramp and AV-8A trajectory are shown in Figure 9. The associated

takeoff performance is shown in Table 2.
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AV-BA SKI JUMP TAKEOFF PERF. STD DAY SEA LEVEL COND.
r- TOGW-18374 LB

ROT DIST-130 FT
LIFTOFF DIST-260 FT
VEL AT LIFTOFF-118.72 FPS
70.29 KNOTS

H DIST TO 50 FT ALT.-482 FTL ~VEL AT 50 FT ALT.-1 65.20 FPS F
84.58 KNOTS
AMIN. R/CP33'P AT DIST OF70F

Figure 9 -Takeoff Profile for AV-8A with
End-to-End MGB Ramps
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TABLE 2 - COMPARISON OF TAKEOFF PERFORMANCE WITH END-TO-END
MOB RAMP AND CONVENTIONAL RAMP

- End-to-End MHB Ramp Conventional Ramp

TOGW (ib) 18,374 18,604 19,304 18,374 18,604 19,304

Liftoff Distance (ft) 260 260 260 282 279 292

Ramp Exit Velocity (knots) 70.2 70.5 69.4 71 70 71
Distance to 50-ft Alt. (ft) 482 480 495 502 501 521
Min, R/C (f t-rain)/DistanceoM n. R/ (ft-mi)/ 833/700 877/701 589/703 1,146/- 1,135/- 1,051/-
to Min. RIG (fU)

CONCLUSIONS

A modified or gravity assist ski jump ramp shape was generated through an appli-

cation of the calculus of variations. The modified shape employs an initial down

run which takes advantage of gravity to maximize acceleration and energy at the

beginning of the takeoff.

The gravity assist ramp provided for considerable improvement in AV-8A takeoff
- performance over what could be achieved with the conventionai ski jump. The ground

- roll was reduced by up to 30 percent and the distance required to climb to a 50-ft

altitude was reduced by up to 20 percent while providing the same liftoff velocity

and maincaining better than the recommended minimum rate of clir. •
The purpose of this report has been to present results which are necessarily

preliminary in the sense that a limited number of variables have been evaluated.

Although such an arrangement of ski jump ramps may be physically challenging, the

challenge is no greater than the single ski jump ramp first presented. Since the

results show significant promise, it is recommended that: (1) a further analysis

be conducted to evaluate these results, and (2) a conceptual design study be

initiated to examine possible methods of implementing such a ski jump ramp.
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